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Abstract
We consider the family of difference equations of the form
xn+1 =
∑
i∈Zk+2−{j,l} xn−i + xn−j xn−l + A∑
i∈Zk+2−{s,t} xn−i + xn−sxn−t + A
, n = 0,1, . . . ,
where k ∈ {0,1, . . .}, j, l, s, t ∈ Zk+2 ≡ {0,1, . . . , k + 2} with j = l and s = t , A is nonnegative and
the initial values x−k−2, x−k−1, . . . , x0 are positive real numbers. For these difference equations, we
prove that the unique equilibrium x¯ = 1 is globally asymptotically stable.
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In this note, we investigate the global character of solutions of the family of difference
equations of the form
xn+1 =
∑
i∈Zk+2−{j,l} xn−i + xn−j xn−l + A∑
i∈Zk+2−{s,t} xn−i + xn−sxn−t + A
, n = 0,1, . . . , (1)
where k ∈ {0,1, . . .}, j, l, s, t ∈ Zk+2 ≡ {0,1, . . . , k + 2} with j = l and s = t , A is non-
negative and the initial values x−k−2, x−k−1, . . . , x0 are positive real numbers.
In [1], Amleh, Kruse and Ladas proved that the unique equilibrium x¯ = 1 of Eq. (1)
is globally asymptotically stable for (j, l, s, t, k,A) ∈ {(1,2,0,1,0,0), (0,2,0,1,0,0),
(1,2,0,2,0,0)}.
Moreover, Kruse and Nesemann [2] studied the global asymptotic stability of the unique
equilibrium of a discrete dynamical system and as a special result they proved that when
(j, l, s, t, k,A) = (2,3,0,1,1,0), the unique equilibrium x¯ = 1 of Eq. (1) is globally as-
ymptotically stable.
Recently, Kulenovic and Ladas [3] (also see [2, Remark]) conjectured that when k  2
and (j, l, s, t,A) = (k + 1, k + 2,0,1,0), every positive solution of Eq. (1) converges to
x¯ = 1. In this note we shall confirm that the conjecture is true. Our main result is the
following theorem.
Theorem. The unique equilibrium x¯ = 1 of Eq. (1) is globally asymptotically stable.
2. Proof of the theorem
In this section we use Corollary 2 of [2] to study the global asymptotic stability of the
unique equilibrium x¯ = 1 of Eq. (1). To do this we need the following lemmas.
Lemma 1. Let k ∈ {0,1, . . .} and R+ = (0,+∞). If (a, b, c,u1, . . . , uk) ∈ Rk+3+ − {(1,1,
. . . ,1,1)}, A ∈ [0,+∞) and α = max{a, b, c,u1, . . . , uk, a−1, b−1, c−1, u−11 , . . . , u−1k },
then
1
α
<
ab + c + u1 + · · · + uk + A
ac + b + u1 + · · · + uk + A < α.
Proof. Obviously α > 1 since (a, b, c,u1, . . . , uk) ∈ Rk+3+ − {(1,1, . . . ,1,1)}. There are
four cases to consider.
Case 1. α = a. Then a > 1 and{
c < a2c,
b < a2b.
(2)
It follows from (2) that
1
<
ab + c + u1 + · · · + uk + A
< a.
a ac + b + u1 + · · · + uk + A
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a
. Then a < 1 and{
c > a2c,
b > a2b.
(3)
It follows from (3) that
a <
ab + c + u1 + · · · + uk + A
ac + b + u1 + · · · + uk + A <
1
a
.
Case 3. α ∈ {b, c,u1, . . . , uk}. We may assume without loss of generality that α = b (for
the other cases, the proofs are similar), then b > 1 and either b a > 1
b
or b > a  1
b
. Thus
we have{
ab + c < b2 + abc,
ac + b < bc + ab2. (4)
It follows from (4) that
1
b
<
ab + c + u1 + · · · + uk + A
ac + b + u1 + · · · + uk + A < b.
Case 4. α ∈ {b−1, c−1, u−11 , . . . , u−1k }. We may assume without loss of generality that
α = b−1 (for the other cases, the proofs are similar), then b < 1 and either b < a  1
b
or b a < 1
b
. Thus we have{
ab + c > b2 + abc,
ac + b > bc + ab2. (5)
It follows from (5) that
b <
ab + c + u1 + · · · + uk + A
ac + b + u1 + · · · + uk + A <
1
b
.
Lemma 1 is proven. 
Lemma 2. Let k ∈ {0,1, . . .} and R+ = (0,+∞). If (a, b, c, d,u1, . . . , uk−1) ∈ Rk+3+ −
{(1,1, . . . ,1,1)}, A ∈ [0,+∞) and α = max{a, b, c, d,u1, . . . , uk−1, a−1, b−1, c−1, d−1,
u−11 , . . . , u
−1
k−1}, then
1
α
<
a + b + cd + u1 + · · · + uk−1 + A
ab + c + d + u1 + · · · + uk−1 + A < α.
Proof. Obviously α > 1 since (a, b, c, d,u1, . . . , uk−1) ∈ Rk+3+ − {(1,1, . . . ,1,1)}. Write
M = a + b + cd + u1 + · · · + uk−1 + A
ab + c + d + u1 + · · · + uk−1 + A.There are four cases to consider.
T. Sun, H. Xi / J. Math. Anal. Appl. 309 (2005) 724–728 727Case 1. α ∈ {a, b, c, d}. We may assume without loss of generality that α = a (for the other
cases, the proofs are similar), then a > 1 and aβ  1 for each β ∈ {a, b, c, d}.
If b < 1, then
a + b + cd < a2b + ac + ad,
which implies M < a.
If b 1, then we have the following inequalities:

a2b + ac b2 + 1 2b,
a2b + ad  a2 + 1 > 2a,
ac + ad  2cd.
(6)
It follows from (6) that
a2b + ac + ad > a + b + cd,
which also implies M < a.
On the other hand, it is easy to see that a2 + acd  ac + d > c + d . Hence M > a−1.
Case 2. α ∈ {a−1, b−1, c−1, d−1}. We may assume without loss of generality that α = a−1
(for the other cases, the proofs are similar), then a < 1 and aβ  1 for each β ∈ {a, b, c, d}.
If d < 1 or c < 1, then
a + b + cd > a2b + ac + ad,
which implies M > a.
If d  1 and c 1, then we have
a − a2 + b(1 − a2) > (c − a)(a − d). (7)
It follows from (7) that
a + b + cd > a2b + ac + ad.
Hence M > a.
On the other hand, it is evident that a2 + acd  ac + d < c + d . Hence M < a−1.
Case 3. α = ui for some 1 i  k − 1. Then ui > 1 and uiβ  1 for each β ∈ {a, b, c, d}.
If a < 1 or b < 1, then
uiab + uic + uid > a + cd + b.
Hence M < ui .
If a  1 and b 1, then we have the following inequalities:{
ui(c + d) 2cd,
uiab + uic > 2a,
uiab + uid > 2b.
(8)
It follows from (8) that
uiab + uic + uid > a + b + cd.
This also implies M < ui .
By the symmetry we have also that (a + b)ui + cdui > ab + c + d . Hence M > u−1i .
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If c < 1 or d < 1, then
uiab + uic + uid < a + b + cd.
Thus M > ui .
If c 1 and d  1, then we have
a(1 − uib) + b − u2i > (ui − d)(c − ui). (9)
It follows from (9) that
a + b + dc > uiab + uic + uid.
Hence M > ui .
By the symmetry we can obtain that (a + b)ui + cdui < ab + c + d . Hence M < u−1i .
Lemma 2 is proven. 
Proof of Theorem. Let {xn}∞n=−k−2 be a solution of Eq. (1) with initial conditions
x0, x−1, . . . , x−k−2 ∈ (0,+∞) such that {xn}∞n=−k−2 is not eventually equal to 1 since oth-
erwise there is nothing to show. It follows from Lemmas 1 and 2 that for all n  0 the
following inequalities hold:
xn+1 > min
{
xn, xn−1, . . . , xn−k−2,
1
xn
,
1
xn−1
, . . . ,
1
xn−k−2
}
,
xn+1 < max
{
xn, xn−1, . . . , xn−k−2,
1
xn
,
1
xn−1
, . . . ,
1
xn−k−2
}
.
Using arguments similar to ones developed in the proof of Corollary 5 of [2], we see from
Corollary 2 of [2] that the unique equilibrium x¯ = 1 of Eq. (1) is globally asymptotically
stable. Theorem is proven. 
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